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The thermodynamic potential for quarks in quantum chromodynamics (QCD) is a desired ingredi-
ent for computations of the equation of state in supernovae, neutron stars, and heavy-ion collisions.
We summarize the derivation of the finite-temperature, finite chemical potential thermodynamic po-
tential in QCD that includes finite quark masses in the Feynman diagram contributions for two-loop
corrections to the quark interaction. The 2-loop contributions are normally divergent and become
even more difficult in the limit of finite quark masses and finite chemical potential. In this paper
we summarize the 2-loop corrections for both finite-mass and finite chemical potential in a limited
range by adopting the periodic renormalization approach to the evaluation of the two-loop diagrams.
In particular, we show that by introducing a Pade´ (or polynomial) interpolation between the finite
mass and massless regimes as a function of chemical potential one can determine the equation of
state for the two-loop corrections for arbitrary chemical potential and quark mass. This provides a
new realistic treatment of the QCD equation of state for proto-neutron stars.
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2I. INTRODUCTION
A description of the equation of state (EoS) of compact matter formed in heavy-ion nuclear col-
lisions, supernovae, or neutron stars should include the consequences of a possible phase transition
to a quark gluon plasma (QGP). For the description of quark matter it is common to begin with a
bag model with up to 2-loop corrections [1]. One can then construct the EoS from a phase-space
integral representation over the scattering amplitudes.
It is convenient to compute the EoS for the QGP in terms of the grand thermodynamic potential
[2], Ω(T, V, µ). Adopting the convention of Landau and Lifshitz [3], the thermodynamic potential
can be defined in terms of the partition function Z as
Ω = − 1
β
lnZ , (1)
where in the Feynman path integral formulation the partition function is represented as a functional
integral of the exponential of an effective action integrated over all fields.
Z = C(β)
∫
[dφ] exp
{
i
∫ −iβ
0
dxo
∫
V
d3xLeff [φ(x), ∂µφ(x);µ]
}
, (2)
where C(β) is a normalization and the integration is performed over periodic boson loops and anti-
periodic fermion loops. In quantum chromodynamics the fields φ are the fermion, gluon, and ghost
fields [1].
When including up to 2-loop corrections the grand thermodynamic potential takes the form:
Ω =
∑
i
(Ωiq0 + Ω
i
q2) + Ωg0 + Ωg2 +BV , (3)
where the sum is over quark flavors, (for our purposes i = up, down, and strange). Here, q0 and
g0 denote the 0
th-order bag model thermodynamic potentials for quarks and gluons, respectively,
while q2 and g2 denote the 2-loop corrections. In most calculations sufficient accuracy is obtained
by using fixed current-algebra masses. For this work we utilize quark masses of the Particle Data
Group [4], whereby the strange quark mass is ms = 96
+8
−4 MeV, while mu = 2.2
+0.6
−0.4 ∼ 0 MeV and
md = 4.7
+0.5
−0.4 ∼ 0 MeV. We also adopt a bag constant B1/4 = 165 − 240 MeV from lattice gauge
theory [6]. The quark contribution to the thermodynamic potential is then given [2] in terms of
a sum of the ideal gas contribution plus a two loop correction from phase-space integrals over the
Feynman amplitudes [1]:
Ωiq0 =− 2NcTV
∫ ∞
0
d3p
(2pi)3
[
ln
(
1 + e−β(Ei−µi)
)
+ ln
(
1 + e−β(Ei+µi)
)]
, (4)
Ωiq2 =αspiNgV
[
1
3
T 2
∫ ∞
0
d3p
(2pi)3
Ni(p)
Ei(p)
+
∫ ∞
0
d3p
(2pi)3
d3p′
(2pi)3
1
Ei(p)Ei(p′)
[Ni(p)Ni(p
′) + 2]
×
[
N+i (p)N
+
i (p
′) +N−i (p)N
−
i (p
′)
(Ei(p)− Ei(p′))2 − (p− p′)2
+
N+i (p)N
−
i (p
′) +N−i (p)N
+
i (p
′)
(Ei(p) + Ei(p′))
2 − (p− p′)2
]]
, (5)
where Nc is the number of colors, and Ng is the number of gluons (Ng = 8). The N
±
i denote the
3quark Fermi-Dirac distributions:
N±i (p) =
1
eβ(Ei(p)∓µi) + 1
. (6)
The one- and two-loop gluon and ghost contributions to the thermodynamic potentials can be
evaluated in a similar fashion to that of the quarks.
Ωg0 =2NgTV
∫ ∞
0
d3p
(2pi)3
ln
(
1− e−β|p|
)
=− pi
2
45
NgT
4 . (7)
Ωg2 =
pi
36
αsNcNgT
4. (8)
For massless quarks, Eqs. (4-5) are easily evaluated [2] to give
Ωiq0 =−
NcV
6
(
7pi2
30
T 4 + µ2iT
2 +
µ4i
2pi2
)
(9)
Ωiq2 =
NgαsV
8pi
(
5pi2
18
T 4 + µ2iT
2 +
µ4i
2pi2
)
. (10)
For the massive strange quark the ideal gas contribution [Eq. (4)] can be easily integrated. However,
the two-loop correction [Eq. (5)] cannot be integrated numerically, due to inherent divergences. It
is, therefore, common to approximate [2] the two loop strange quark contribution with the zero
mass limit.
This may, however, over estimate the strange-quark contribution as it ignores the Boltzmann
factor suppression of the thermodynamic potential for quarks with finite mass. When the quark
mass is relatively small compared to its chemical potential, this may be a reasonable approximation.
However, this is not necessarily the case as one approaches the QCD phase transition at moderate
values of the chemical potential.
In Ref. [1] it was shown that this zero-mass quark approximation could be extended to small,
but finite masses using periodic regularization of the Feynman amplitudes. Here we show that the
full range of quark masses and chemical potential for realistic quark masses can be achieved by
incorporating an analytic extension from the finite-mass to massless limit. This provides a more
realistic input to the equation of state than the zero-quark mass limit for the 2-loop diagrams that
is usually employed.
II. FEYNMAN DIAGRAMS
The Feynman diagrams for the fermions that make the lowest order contribution to the thermo-
dynamic potential are shown in Figure 1 summarized from Ref. [1]. However, it is a well known
problem that for finite mass all of the Feynman diagrams diverge as Λ4 as the ultraviolet cutoff
increases. However, one can slightly circumvent this problem by introducing periodic renormal-
ization [1, 5]. That is, each quark mass is individually treated as a periodic combinatorial. This
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FIG. 1. Second order fermion loop contributions to the thermodynamic potential.
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FIG. 2. Second order ghost loop contributions to the thermodynamic potential.
technique is used to facilitate a smoother transition between the finite-mass and massless regimes.
The Feynman diagrams that contribute to the potential due to the ghost loops are shown in
Figure 2 [1].
III. METHOD OF CALCULATION
It is generally expected [2] that for sufficiently high densities and/or temperature, a transition
from hadronic matter to quark-gluon plasma (QGP) can occur. Progress [6] in lattice gauge theory
(LGT) has shed new light on the transition to a QGP in the low baryon chemical potential, high-
5temperature limit. It is now believed that at high temperature and low density a deconfinement and
chiral symmetry restoration occur simultaneously at the crossover boundary. In particular, at low
density and high temperature, it has been found [6] that the order parameters for deconfinement
and chiral symmetry restoration changes abruptly for temperatures of T = 145− 170 MeV [7, 8].
However, neither order parameter exhibits the characteristic change expected from a 1st order
phase transition. Indeed, an analysis of many [9, 10] thermodynamic observables confirms that the
transition from a hadron phase to a high temperature QGP is a smooth crossover. Of particular
interest to the present work, however, is the regime of high chemical potential and temperature as
encountered in supernovae and heavy-ion collisions.
A. Evaluation of Feynman Diagrams
The evaluation of the Feynman diagrams shown in Figure 2 can be reduced [1] to the following
the contour integral,
Ωq2 =
2piαsNgV
2
∫
d3p
(2pi)3
d3q
(2pi)3
d3k
(2pi)3
(2pi)3δ(p− q − k)
×T 3
∑
npnqnk
βδnp,n+q+np
Tr
[
γm(p+m)γm(q +m)
]
k2(p2 −m2)(q2 −m2) (11)
= −8T 3
∑
npnqnk
βδnp,nq+np
2m2 − p · q
k2(p2 −m2)(q2 −m2) . (12)
Following Ref. [1] then one can evaluate βδnp,nq+np using periodic conditions to regularize the
function:
βδnp,nq+np =
∫ β
0
exp [iΘ(p0 − q0 −K0)]
=
exp [iβ(p0 − q0 −K0)]− 1
p0 − γ0 −K0 , (13)
where, the periodicity obeys,
β0 = (2np + 1)
∏
i
Ti + µ (14)
q0 = (2nq + 1)
∏
i
Ti + µ (15)
K0 = 2nk
∏
i
Ti (16)
6Finally, using the on-shell condition,
I(p0, q0, k0) =
2m2 − p · q
p0 − q0 − k0
×
(
exp [β(k0 + q0 − µ)]− exp [β(p0 − µ)]
)
, (17)
and performing the contour integral one has the desired result,
Ωq2 =
1
6
2piαsNgV T
2
∫
d3p
(2pi)3
NF (p)
Ep
1
2
2piαsNgV
∫
d3p
(2pi)3
d3q
(2pi)3
(18)
1
EpEq
[(
1 +
2m2
(Ep − Eq)2 − (p− q)2
)[
N−F (p)N
−
F (q) +N
+
F (p)NF 1)
]
........
]
= N+F +N
−
F ,
where, N+F and N
−
F are the fermion distribution functions as defined in Eq. (6).
In the zero - temperature limit then,
Ωq2(T = 0) =
2piαsNg
(2pi)4
(
3
2
[
µpf −m2 ln
(
µ+ pf
m
)]2
− p4f
)∫
d3p
(2pi)3
NF (p)
Ep
, (19)
where, NF is also defined in Eq. (4) for ghosts. In the finite temperature m→ 0 limit we then have:
Ωq2(m = 0) =
2piαsNg
288
(
5T 4 +
18µ2T 2
pi2
+
9
pi4
µ4
)
(20)
which trivially reduces to Eq. (10).
Finally, in the limit T  m− µ m we have the result [1] of primary interest for this paper.
Ωq2(T,m, µ) =
αsNgV
8pi2
m2T 2 exp [2(µ−m)/T ] (21)
This expression obviously diverges for µ > m. Nevertheless, it is useful for low to moderate chemical
potential. The new aspect of the present work, however is a proposed an analytic interpolation
between the massive and massless regimes. This provides a more accurate representation of the
true EoS.
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FIG. 3. Two loop contribution to the s quark pressure as a function of chemical potential. Green line it
based upon the massless limit [Eq. (III A)]. Results or ms = 96 MeV finite quark masses of Eq. 21 (blue
line). Lines drawn show a 4th order polynomial interpolation between the regimes from µ = ms − nT to
µ ≥ nms for a 5th order polynomial between with n = 3 (dot-dashed line) and n = 2 (dashed line).
IV. RESULTS
In Figure 3 we compare calculations of the s-quark pressure as a function of chemical potential,
where
P = −
(
∂Ω
∂V
)
T,µ
. (22)
Here, we take a realistic quark massems = 96 MeV and select a typical core-collapse SN temperature
of T = 10 MeV. Lines are drawn for calculations in the ms = 0 limit (green line) and in the finite-
mass periodic-regularization of the present work (blue line). For finite s-quark mass, there is an
obvious divergence due to the exp [2µ/T ] term in Eq. (21) once µ > m. This limits the range of
validity of this periodic regularization approach.
One can only apply Eq. (21) in the low chemical-potential limit, i.e. (m − T )/µ  1. So, if for
example we adopt, 3 1, then one can use Eq. (21) up to µ ≤ m− 3T . On the other hand, in the
8large chemical potential limit, µ ≥ 3m one expects the thermodynamic potential to approach the
massless limit [Eq. (10)]. Obviously, however, this is only applicable for T < 3m ∼ 30 MeV. For
higher temperatures up to ∼50 MeV as can occur in the center of core collapse supernovae [11] for
a soft EoS, one could instead adopt an interpolation from µ ≤ ms − 2T to µ ≥ 2ms.
To interpolate between the finite quark mass and massless limits of the EoS a Pade´ rational
polynomial interpolation [12] can be employed. We have found, however, that there is numerical
noise when applying a Pade´ interpolation. However, a simple polynomial interpolation between the
regimes gives a result that is equivalent to the Pade´ result.
The dot-dashed line on Figure 3 shows a 5th-order polynomial interpolation between the finite-
mass and massless limits from µ ≤ ms − 3T to µ ≥ 3ms. For comparison we also show the dashed
line with an interpolation from from µ ≤ ms − 2T to µ ≥ 2ms The difference between these two
interpolations is a measure of the uncertainty. Although one can consider an interpolation between
larger limits, i.e. µ ≤ ms − nT to µ ≥ nms for 4, 5, 6...  1, this is only applicable for lower
temperatures. Thus, we consider the µ ≤ ms − 3T to µ ≥ 3ms to be the best interpolation.
We suggest that this approach is a preferable equation of state to that of the massless s-quark
approximation. As can be seen in Figure 3 for low chemical potential, µ < ms, the massless
approximation over estimates the pressure contribution due to the s-quark by more than an order
of magnitude, and continues to overestimate the pressure by at least a factor of two up to µ ∼ 1.5ms.
V. CONCLUSION
We have developed a method for the incorporation of realistic quark masses into the thermal
contribution to the thermodynamic potential for quarks with finite mass and arbitrary finite chem-
ical potential. We summarize the method of periodic-regularization for finite quark masses and
show that this is stable for an interesting window of chemical potential up to near the quark mass,
but diverges as the chemical potential exceeds the quark mass. We show that by implementing a
Pade´ (or polynomial) interpolation between the finite mass and massless quark regimes it is possi-
ble to avoid the ultraviolet singularities in the transition region from low to large baryon chemical
potential.
In a future work we will explore the impact of this treatment on the high temperature proto-
neutron stars of core collapse supernovae.
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